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Abstract—This paper presents some new adaptive con-
trol structures based on reinforcement learning for com-
puting online the solutions to optimal tracking control
problems and multi-player differential games. We design
a new family of adaptive controllers that converge in real
time to optimal control and game theoretic solutions by
using data measured along the system trajectories. This
is a new approach to data-driven optimization. Integral
reinforcement learning is used to develop policy iteration
based algorithms that find optimal solutions online and
do not require full knowledge of the system dynamics.
A new experience replay technique is given that uses
past data for present learning and significantly speeds up
convergence. A new method of off-policy learning allows
learning of optimal solutions without knowing any dynamic
information. New algorithm will be presented for solving
online the non zero-sum multi-player games for continuous-
time systems. Each player maintains two adaptive learning
structures, a critic network and an actor network. The
result is an adaptive control system that learns based on
the interplay of agents in a game, to deliver true online
gaming behavior.

1. INTRODUCTION

Optimal feedback control design has been responsible
for much of the successful performance of engineered
systems in aerospace, manufacturing, industrial pro-
cesses, vehicles, ships, robotics, and elsewhere since the
1960s. However, it is difficult to perform optimal designs
for nonlinear process systems since they rely on off-
line solutions to complicated Hamilton-Jacobi-Bellman
(HJB) equations. Moreover, optimal design generally
requires that the full system dynamics be known, which
is seldom the case in practical applications [1].
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Reinforcement learning (RL) and adative dynamic
programming [2]-[7] methods have been successfully
applied to find the solution to the HIB online without re-
quiring complete knowledge about the system dynamics
for both continuous-time (CT) and discrete-time (DT)
systems [8]-[14]. Efficient off-policy RL algorithms
were first presented in [15], [16] that do not need any
knowledge about the system dynamics to find the solu-
tion to the HIB equation. Most existing RL algorithms
are desigend for solving optimal regulation problems. In
most real world applications, it is desired the outputs or
states of the system track a desired reference trajectory.
In [17]-[19], RL algorithms are presented to find the
online solution to the optimal tracking problem for CT
systems. The online actor-critic approximators have been
introduced and further developed by Werbos [20] to
implement the presented RL algorithms for nonlinear
systems. The critic approximator estimates the value
function and is updated to minimize the Bellman equa-
tion error. The actor approximator represents a control
policy and is updated to minimize the value function.

A persistence of excitation (PE) condition is required
to be satisfied to guaranttee convergence to a near
optimal solution. However, traditional PE conditions are
often difficult or impossible to check online. Also, due
to the requirement for the PE condition, the existing RL-
based algorithms for CT systems are sample inefficient,
that is, they require many samples in order to learn the
optimal policy. In order to reduce sample complexity
and use available data more effectively, the experience
replay technique has been proposed in the context of
RL for [21], [22]. In this technique, a number of recent
samples are stored in a database and they are presented
repeatedly to the underlying RL algorithm.

In this paper, we present online adaptive controllers
based on policy iteration (PI) algorithms, namely the on-
policy and off-policy integral RL (IRL), that converge to
the optimal solution of HJB equation arising in optimal
tracking control problems without requiring any knowl-
edge about the system dynamics or reference trajectory.
Moreover, the online solution of the multiplayer non



zero-sum games using on-policy IRL algorithm is con-
sidered. The algorithms are implemented using online
actor-critic structure and experience replay technique.

II. OptiMAL TRACKING CONTROL PROBLEM

Consider the nonlinear time-invariant system given by,

(1) = f(x(1)) + g(x(2))ul2), (1)

where x € R” is a measurable state vector, u(t) € R™ is
the control input, f(x) € R” is the drift dynamics and
g(x) € R"™™ js the input dynamics. It is assumed that
f(0) = 0 and f(x) + g(x)u is locally Lipschitz and the
system is stabilizable.

The goal of the optimal tracking control problem is to
design the optimal control policy u*(¢) so as to make
the system (1) track a desired trajectory x,(¢) in an
optimal manner by minimizing a predefined performance
function.

The desired trajectory is generated by command gen-
erator model

X4(t) = ha(xq(t)), 2)

where x,(f) € R".
Define the tracking error as

e(t) = x(t) — x4(2).

A. Standard solution to the optimal tracking problem

In the tracking problem, the control input consists
of two terms: a feedforward term which guarantees
perfect tracking and a feedback term which stabilizes
the system dynamics. Most solutions to the nonlinear
optimal tracking problems find the feedforward term
using the dynamics inversion concept and the feedback
term by solving an HJB equation.

The feedforward term can be obtained using dynamics
inversion concept as

ug(t) = g(xa) ™" (X4 — f(xa)).

The feedback term is designed in an optimal manner by
minimizing the following performance function

o0
el ) = [ (0 Quelr) + " Reue) d
t
where Q, > 0, R, = RT > 0. The feedback term of

the control input is found by solving the stationarity
condition dJ (e, u,)/0u, = 0 as

Then, the optimal control input including both feed-
back and feedforward terms is

w (1) = uq(t) + ul(1).

The RL algorithms can be used to find the feedback
part of the control input u (7) without requiring complete
knowledge of the system dynamics. However, obtaining
the feedforward part of the control input u,(7) needs
complete knowledge of the system dynamics and the ref-
erence trajectory dynamics, which cancels the usefulness
of the RL techniques.

B. New formulation to find the solution of the optimal
tracking problem

In this section, a new formulation is developed that
gives both feedback and feedforward parts of the control
input simultaneously and thus enables RL algorithms to
solve the tracking problems without requiring complete
knowledge of the system dynamics [17], [18].

The augmented system can be constructed in terms of
the tracking error e(z) and the reference trajectory x4(?)

as
oo | oer) T [ fle(t) + xa(t)) — ha(xa(t))
X(1) = [ (1) ] = [ hj(xcz(f)) o ]+
[ 8le) + xa(1) ] u(t) = F(X(1)) + G(X (1) (o),

3)

where the augmented state is
e(r) ]

X(t) = [ xalt)

The performance function is defined as
0
J(x(t), xa(1), u(t)) = Je"’(”f) %

t

((x(r) = xa(1)" Q (x(1) = xa(7)) + u” (7) Ru(1)) dr,

where Q > 0 and R = R” > 0. The value function in
terms of the states of the augmented system is written
as

0

V(X(1)) = Je*'v(w)r(x, u) dr

— Jefn(fft) (X" (1)Qr X(7) + u” (1) Ru(z)) dr, (4)

where Q7 = [ g 8 ] and n7 > 0 is the discount factor.



This formulation converts the optimal tracking prob-
lem to solving the optimal regulation problem by mini-
mizing the value function (4) subject to the augmented
system (3) which gives both feedback and feedforward
parts of the control input simultaneously.

A differential equivalent to this is the Bellman equa-
tion,

r(X,u) —nV + VVy (F(X) + G(X)u) = 0,V(0) =0,
5)

and the Hamiltonian is given by,
H(X,u,VVx) = r(X,u) —nV + VVg (F(X) + G(X) u).

The optimal value is given by the Bellman optimality
equation

rXu*) —nV* + VV (F(X) + G(X)u*) =0, (6)

which is just the CT HIB tracking equation. The optimal
control is then given as

u*(t) = argmuin (r(X,u*) = V* + VV (F(X) + G(X)u*)

1
= —ER_'GT(X)VV)*(. @)

For the linear system case, considering a quadratic
value function, the equivalent of the HIB equation is the
well known algebraic Riccati equation (ARE). Solving
the HIB equation is generally difficult as it is a nonlin-
ear differential equation, quadratic in the cost function,
which also requires complete knowledge of the system
dynamics. The following on-policy and off-policy IRL
algorithms are presented to approximate the solution of
the HJB tracking equation by iterating on the Bellman
equation.

III. ON-poLICY INTEGRAL REINFORCEMENT LLEARNING

An equivalent formulation of the Bellman equation (5)
that does not involve the dynamics is found to be,

V(X(1) = f 10 (X7 (1) 0 (X (1)) +
u' (t)Ru(t))dr + e ""V(X(t + T)).

for any time r > 0 and time interval 7 > 0. This
equation is called the IRL Bellman equation [8], [23].
The following offline PI algorithm can be implemented
by iterating on the above IRL Bellman equation and
updating the control policy.

3: for j = 0,1,... given u; and solve for the value
V;+1(X) using Bellman equation

ViX0) = [ e (00X
+ ! (T)Ruj(7))dr + e TV, (X (0 + T)),

on convergence, set V1 (X) = V;(X)
4: Update the control policy u;4(¢) using

1 __
ujri(t) = _ER 'G"(X)(VVx)js1-

5: go to 3
6: end procedure

A. Synchronous actor-critic structure to implement on-
policy IRL algorithm

In this section, an online solution to the HIB tracking
equation is presented which only requires partial knowl-
edge about the system dynamics. The learning structure
uses the value function approximation with two neural

etworks (NNs), namely an actor and a critic. Instead

f sequentially updating the critic and actor NNs, as in
Algorithm 1, both are updated simultaneously in real
time. We call this synchronous online PI.

Assume that the value function is a smooth function,
there exists a single-layer NN such that the V(X) can be
uniformly approximated as

V(X) = W] ¢1(X) + €(X), VX.

where ¢1(X) : R" — RY is the basis function vector,
N is the number of basis functions, and €(X) is the
approximation error.

The wights of critic NN, W, , are unknown. Then, it
is approximated in real time as

where Wc are the current estimated values of the ideal
critic approximator weights W,. Therefore, the IRL
tracking Bellman equation becomes

t
e = WA (1) + f e 1D (XT 0r X + 2" Rat) dr,

—T
where Agy(t) = e ¢ (t) — ¢1(t — T) and ep € R" is
temporal difference (TD) error after using current critic
approximator weights and # is given by,
1 oo T .
W(X) = —=R'G"(X) = W.,
a(x) = —5R G (0

Algorithm 1: on-policy IRL algorithm to find the
solution of HIB

where W, is the current estimated value of the optimal
actor weight.

1: procedure
2: Given admissible policy

The critic NN weights are updated to minimize Ep =
1,2

2€B.



The tuning laws for the critic weights are selected as
the gradient descent algorithm, that is

W o, Ag (1) s
(Agy ()T Ay (1) + 1)

where @, > 0 is the learning rate. The weights for the
actor W, need to be picked in order to guarantee closed-
loop stability. Hence one has,

4 4 - 1,0

W = —au ((FaW, — FiAgy (1) W,) — Z(ﬂ (X) x
Ap T T

RG)T L)W AT .

OX " (Ag ()T A (1)) + 1)

where @, > 0 is a tuning gain and Fy, F, > 0 are user
defined positive definite matrices picked appropriately
for stability.

B. Tuning the weights of the critic NN using experience
replay learning technique

To speed up and obtain an easy-to-check condition
for the convergence of the IRL algorithm, the recent
transition samples are stored and repeatedly presented to
the gradient-based update rule. This is a gradient-descent
algorithm that not only minimizes the instantaneous
TD error, but also minimizes the TD errors for the
stored transition samples [24], [25]. The samples are
stored in a history stack. To collect data in the history
stack, consider A¢,(7;) as evaluated values of A¢; at the
recorded time ¢;. Then, define the Bellman equation error
(TD error) at the recorded time #; using the current critic
weights estimation W, as

(es); =W[ A¢i (1))

1
+ J T (XT Or X + 2T Ra)dr - (8)
;=T
The proposed novel experience replay based gradient-
decent algorithm for the critic NN is now given as

A A¢1(t)

W, =—a. ep

‘(A¢1< DA (1) + 1)°

~a, A¢1 lj)
/zjl (A (1;)T Ay (1)) + )2

(eB);

IV. Orr-PoLICY INTEGRAL REINFORCEMENT LEARNING

In order to develop the off-policy IRL algorithm, the
system dynamics (3) is rewritten as [16], [26]

X(1) = F(X(1) + G(X(1))
©)

where u;(r) is the policy to be updated. By contrast,
u(t) is the behavior policy that are actually applied to
the system dynamics to generate the data. Differentiating
Vi(X) along with the system dynamics (9) and using
ujr1(t) = —AR7'GT(X)(VVy); gives

Vj = (VVXT)j(F + Guj) +
- X"0orx

Multiplying both sides of (10) by e~ 7"~ and inte-
grating from both sides yields the following off-policy
IRL Bellman equation

(Vx")iGlu—uj) =nV;

—ujTRuj— 2uj+1TR(u—uj). (10)

e V(X (t+T)) — Vi(X(1) =

t+T
J ein(rit) (7XT QT X — ujTR Ltj) dT+
t

+T
J e (2u; TR (u — u;)) d. (11)
t

Note that for a fixed control policy u (the policy
which is applied to the system), (11) can be solved
for both value function V; and updated policy u;1,
simultaneously. It is shown in [26] that the off-policy
IRL equation (11) gives the same solution for the value
function as the HJB equation (6) and the same updated
control policy as (7).

The following algorithm uses the off-policy tracking
Bellman equation (11) to iteratively solve the HIB equa-
tion (6) without requiring any knowledge of the system
dynamics.

Algorithm 2: off-policy IRL algorithm to find the
solution of HIB

1: procedure

2: Given admissible policy u(r)

3: for j = 0,1,... given u; and solve for the value V;
and u;, using off-policy Bellman equation

e"V(X(t+T)) —

+T
f e~ (1) ( -0(X) - uJT»Ruj - 214j+1TR (u— “j))dT’
t

Vi(X(1)) =

on convergence, set V; ;= V;
4: go to 3
5: end procedure

uj(t) + G(X (1)) (u(r) — uj(1)),

To implement off-policy IRL Algorithm 2, the actor-
critic structure is used to approximate the value function
and control policy [16].

V. NoN Zero-suM GAMES

This section presents the formulation of N-player
games for nonlinear systems. RL is used to find the Nash
equilibrium of non-cooperative games online in real time
using measured data.



Consider the N-player nonlinear time-invariant differ-
ential game,

(1) = F(x(0) + ) g(x(0)us(0)

where x € R" is a measurable state vector, u;(¢) € R™
are the control inputs, f(x) € R”, is the drift dynamics,
gj(x) € R is the input dynamics. It is assumed that
f(0) =0 and f(x) + 21;;1 gj(x)u; is locally Lipschitz
and that the system is stabilizable.

The performance function associated with each player
is given by,

Ti(x(0), wr,ua, - uy) = J

0
j
0

where Q;(+) > 0 is general]y nonlinear and R; > 0,Vi €
N, Rj; =0, Vj #ie N are symmetric matrices and

N :={L,2,--- ,N}.
The value can be defined as,

Q0

(r,-(x,ul, e ,uN))dt

N
2 R,juj dt Yie N,

Vilx,up,up, -+ ,un) =

Q0
J (ri(x,ul,"‘,MN))dT, VieN,Vx,u],u2,"',uN
t

The Bellman equation for each player is given as,

I",‘()C,Ml,"', )+VVT +2g1 Mj = ,
Vi(0) =0,Vie N.
The Hamiltonian functions is defined as,

Hi(x,up, - un, V(VD)) = ri(x,up, - -+ yuy) + V(VE);

N
x) + Zgj(x)uj),Vi eN.
=1

The associated feedback control policies are given by,

u’ = argmin H;(x,uy, - - ,uN,V(V;T)i)
|
g (0)V(

= ——R
After substituting the feedback control policies into

Ry V)i Vie N.
the Hamiltonian one has the coupled HJ equations,

0=0;(x ZV (VD); & (xR RyR ' &5 (x)V(V.);

]1
N
—1 T
2 JJgJ

l\.)l'—‘

+ (VI

12)

x)V(V,);0x),Vie N.

To approximate the solution to the coupled HJ equa-
tions, a PI algorithm is now developed as follows by
iterating on the Bellman equation.

Algorithm 3: PI for Regulation in Non-Zero Sum
Games
1: procedure
2 Given N-tuple of admissible policies u¥(0), Vie N
3 while [V — vV | > g, Vie N do
4 Solve for the N- -tuple of costs V¥(x) using the
coupled Bellman equations

T
A%

Qi(x) (3xl (f(

N
2
=1

N

T ok

x) + Zgi(x)ll;{) +ui Rt}
=1

Ryt = 0,V¥(0) = 0.

5: Update the N-tuple of control policies ,uf.‘“, Vie N
using ,
1 ovt
k+1 -1 7 i
=—-R. g .
H; 3R s (¥)

6: k=k+1
7: end while
8: end procedure

The PI Algorithm 3 requires complete knowledge of
the system dynamics. To obviate this requirement, IRL
can be used as follows. An equivalent formulation of the
coupled IRL Bellman equation that does not involve the
dynamics is given as,

Va1 = [ ra(e)an (0 ()i

+ Vi(x(), Vie N,

for any time ¢ > 0 and time interval 7 > 0.
Let the value function for each player be approximated
as

Vi(x) = Wlgi(x), Vx, ie N.

By using a similar procedure as Section III, the update
laws can be rewritten as,

A(ﬁ,‘(l‘)

Wic =@
(Agi(1)TAgi(r) + 1)

2 (A¢I(I)TWL+

t N
J (Ql(x) + ﬁ,’ Riiti; + 2 f )dT) Vie N,

—T st
and,
‘/;Viu = alu((Fl Ai

W BN 0¢, ~Tp pl 70"

LA¢1 lC - Z ; —g, RifRii g[(x) E )
X Ad; X
Wi #ilt)” W), Vie N,

" (A ()T AGi() +1)°



respectively with Ag;(7) := ¢;(t) — ¢;(t — T).

A model-free learning algorithm for non-zero sum
Nash games has been investigated in [27]. System iden-
tification is used in [28] to avoid knowing the complete
knowledge of the system dynamics.

VI. CoNCLUSION

In this paper, we have presented the online solution
to optimal tracking control of nonlinear continuous-time
systems and multi-player differential games using RL
algorithms. The proposed algorithms use the measured
data of the system to find the optimal solution without
requiring any knowledge about the system dynamics
or reference trajectory. The future work is to extend
presented results to control of distributed multi-agent
systems with nonlinear dynamics. Moreover, deep learn-
ing can be integrated with the presented results to deal
with large scale systems with a huge amount of data.
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